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AIIS’J’RACT:  In hctrody]lc  laser tracking of a spacecraft, the incoming laser signal may bc
sigl)ifica]ltly  off’set  from tile local laser reference, produci]lg a lli.gh-frequency  beat note that
]Ilust be accurately counted to procl.uce  an accurate phase measurement. At high l)op])lcr
rates, one limitation to the accuracy of this Incasurmncnt  is the stability of the spacecraft
frequency stalidard, or clock. }Iowcver, if a secondary laser is used, locked to the primary
laser but Offm from it in frequency, then the beat  IIotc hetwecn the two lasers provides a
built-in frequency reference. What is Inore, the delay line produced by the travel time of
the tracking signal  providm a stable  self-comparison that steers the frequency reference or
]neasures its drift so that its instability may be corrected for. ‘J’he resulti]lg ]Ioise  in the link
is oIIly t}le residual laser phase jitter and the shot noise in tllc })hasc  measure]  nent.
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Hetrodyne Laser Tracking at High Doppler Rates

1, Background

In a recent  paper  (Reference 1) an algorithm was proposed that would allow Michclson-
type interferometers with unequal arms to perform nearly as well as those with exactly cclual
ar]ns. ‘1’]Ie  interferometer setup is a hetrodyne  systc]n  with independent readou ts of phase
at each point of the interferometer, as shown in l’igure 1. Signals from two central lasers,
labclec] 1 and 2, are sent out along the two i]ldcpendent  directions. IJasers at the two end
points are siInulta.ncously  sending signals back along the sa me two arms. At each of the
four ])oint,s, the relative pl~ase of the iucoming signal is compared with that of a fraction of
the outgoing signal to produce a hetrodyne  phase readout in each arm. At the same time,
the two central points are sending and rem iving an auxiliary phase signal between them,
so that their  phases can be tied together. If the arms were equal, then the data from each
arlll  would simply be diffcrenced to cancel phase jitter in the central lasers and leave the
relative arm]ength  change s (the quantity that interferometers are supposed to measure) as
the remaining detectable cause of phase changes in the difference data. ‘1’hc point of the
algorithm described in Reference 1 is to show that, instead of simply diffcrencing that data
in tile two arms, the data from one arm can first be used to characterize the phase jitter in
tllc central lasers. ‘1’his allows one to model  the ]Ioise  that is introduced into tile diffcrenced
data because of the unequal arms, ‘IThe result is that  the accuracy of tll  e intcrfero]neter  is
not com])ro]niscd.

l’igure 1. Geometry of the interfmolncter.

IIowevcr, one li]nitation  to this process that was not addressed in Refere]\ce  1 is a noise
source that becomes im~)ortant at high ])oppler  rates. Wllell tlic incoming laser frequency
is siglkificant]y  different from the frequency of the on-board reference laser, a beat ]Iote at
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RII’ will be created. in order to read out the high beat  frequency with a small absolute
phase error, a RF standard with good stability would be required. Unfortunately, for the
llopJdcr  rates to be expcctcd  in the gravitational wave experi ment  discussed in reference 1,
the requirement on RF frequency stability is too stringent. It is the purpose of the prescmt
paper to describe a laser tracking system that provides its own RF standard and corrects for
instabilities in this standard.

‘1’hc  rest of the paper proceeds as follows. In the next section we begin with a review of
the unequal-arm algoritbln,  poirlting out where the frequency standard instability crcatcs  the
problem. Then, in Sections 111 and IV, a new laser transmitter and rece ived are described
which provide the correction procedure required. 1+ ’inally,  in Section V, the signal analysis
procedure is described and the residual limitations of the new system are discussed.

11. Unequal-arm lnterferometers

Each laser produces a signal

@,,,(i) = I),,Lf + p,,’(i),

w~bcre m goes from 1 to 4 and v,), is the frequency and p,,)(t) the phase of the mtt’ laser.
(lime a]lrl  in future notation, all expressions such as r(t) that can be read as fuIlctio]ls  are
to k taken as functions. ) l’he two central lasers of tbe irlterferorneter  send and receive local
phase reference signals from each other, producing a received sigrlal  in each given by

<i(f)  = “jt -  vj(L  -  ~’if + Pj(t ‘-  ‘) ‘-  P:(t), 11. ]

where {i, j} are chosen from the set {1, 2} and d is tile light time between the two spacecraft.
in Reference 1, it is shown that a combination of <1 and <2 can be formed that will contain
only the difference of the two laser phas es

a(i) =- pz(t)  -- pi(t).

‘] ’he ]nain signals along the two main arms of the interferometer are

S;(I) = V~i!  –  V~li –  Vif i ]j~(i  –  i:) –  ~Ji(f),

.S~(i?) a V~t  –  Viii ‘ Vkt #-  ])i(t –  ii) ‘ ])~(i),

where i is cl]osen  from the set {1, 2} and k is cliosen  appropriately
IIy ccmrbining the sig]lals  from the two ends of each arm, OJIe forms
“I)oppler”  sigjial  for each arm

11,2

11.3(1

11.31J

from the set {3, 4}.
an effective two-way

2i(t) ‘: S~(t) +-  S~(t –  /i) = ‘-21/:’L)it + ~):(t  –  ‘2/i) –  ~):(i), 11..1

where l~i = dli/dt.  II} the unequal-arm algorithln, it is assurncd  that the velocity signal one
is trying to see is small compared to tile phase noise, or at least that it is small within tllc
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bandwidth where one is trying to detect it. ‘1’hcn  one of the arms, say 21 (t), can be used
to determine pl (t) and to form p2(t) = pl (t) + o(i).  From this knowledge, the phase noise
expected  in the cliff  erenced  signal

can I)c predicted and subtracted away to give a signal  that is free of phase noise from the
lasers.

In Reference l,it wasassumed that thereaclout of thephascin  each receiver (l;q.  11.3)
was limited by shot noise only. IIowever, in the particular application that drove the develop-
ment of the unequal-arm algorithm in the first place the detection of 10-3 IIz gravitational
waves in a Michelson interferometer formed from four free-flying spacecraft there will gen-
erally be a. very large, nearly constant I)opplm-  rate in the data. The problem that is caused
by this high fringe rate is that i lIe ?bso]ute number of cycles  that must be counted in a tyJ)ical
] ()()0s samp]e time will bc very ]arge (as much as 5 X 10]0 cycles for the 50 hf IIz, fringe rate
produced by a 50 nl/s relative velocity) and that this count must be resolved to the u]t imatc
]Jrecision  required for the post-processed i]lterferometcr,  N 10-5 cycles. ‘1’llis  translates into
a frequency standard stability of N 10–16 at 1000s, a require]nent  beyond the capability of
any known space frequency standards.

It is the purpose of the rest of this paper to describe a. way in which this requirmnellt can
be circumvented. Essentially, the method uses tile fact that, over the time scales of interest,
the armlcngth  of the interferometer rcpments  the most stable dela y line ever &eated.  One
may therefore usc this delay line to compare the frequency standard with itself and stabilize
it, or, what is equivalent, to compare th~ frequency standards at the two ends of the arm with
each other and correct for the noise the y introduce. ‘J’wo IIardware realizations of tllis  method
can be envisioned. in one, there is a frequency standard on each spacecraft in addition to the
nlaill laser, and the outgoing laser signal is modulated at the frecluellcy  of the R~’ stanclard.
1:) tile otlle r, there is a secol~d, lower-power laser 0]1 board each spacecraft, the two lasers
being locked to successive linear modes of the same llal)ry-Perot  stabilization cavity. ‘J’hc
su]wrposition  of the two laser signals ill the outgoin~ bealn provides the modulation of tile
translnitted  signal, while the beat frequency betweml  the two stabilized lasers, read out on a
fast photodiode, is the local RF frequency sta~ldard. q’he silnp]icity  of tile latter scheme has
Inuch to recommend it and will be the scheme that we w ill discuss here.

111. Transmitter

~’he laser transmitter system is showJl in l’igure 2. ‘1’he heart of tllc system is the primary
tral~smitting  laser of frequency V3 producing 1 W of 1 p wavelength infrared signal. ‘1’his laser
is frequency locked to a k’abry-l>erot cavity on tile opti cat bel[cli,  providi]lg  stability at a
relative level of 10-’1 on time scales of 10s 1000s. ‘1’lle secondary laser, of frequency vi and
l)c)wer 100 InW, is locked to a nearby linear I[lode of tlie same cavity, so that its frequency will
be stab IC to the same relative accuracy and will he related to tile primary laser freque]lcy  I)y

“+’’4 +;;) 111.1
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where m is a small integer and A4 is the integral number of wavelengths of V3 within the cavity
length. I+’or a 10 cm cavity, M will be of order 105 , so that the frequency offset between  v3

and v: will be of order

j~ = v: - V3 = 10-5WS = m(3 x IOg)}lz.
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I’igurc  2. l,ascr  transmitter block diagram.

‘J’he signals from the two lasers are mixed in a 9:1 coupler. IIere 0.9 W from the primary
laser and 0.01 W from the secondary laser are combined to go out onto the o])tic.al  bench,
wliile  0.1 W of primary laser power will bc lnixcd wit II 0.09 W of se.con  clary power to provide
a IIcarly c.omplete]y mcdulated  ]{]” signs] at ~3 in the output of the frequency standard
p]lotodiode.  l’;xpcricnce  with such RF stanclards,  fcml}ed  from two lasers locked to tile salne
cavity, shows that RF stability of a few parts in 101’ lnay be exl)ccted at 1000 s sample times
ill an 1{1” frequency of 10 GIIz. q’his  frequc]lcy  stalidard  serves for all critical tilnil%  in the
tracking system, notably for the phase n~casurelliellt  of the received signal  (see %ction  IV).

TIIC phases of the two signals scllt o]lto the optical bellcll  are givell  by

111.3

wllcrc  the laser phase noise in the primary laser is p3(t) and the noise in the secondary laser,
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p~(t),  has been written in terms of the phase rloise  q3(t) ~ Pi(i) -- P3(~,

standard.

IV. ILeceiver

in the clerived RF

‘1’he  receiver block diagram is shown in l’igure 3. light  from the far spacecraft is received
and Inixed with a portion of the local laser to generate beat frequencies that are to be tracked
and read out in the photodiode. q’he photodiode  output will contain  both the l}opplcr
frequency 1) and the offset frequency ~ between the primary and secondary laser frequencies.
l,et us first look at the details of the signal acquisition.

i Icxxl laser
iv
: V+f

incoming laser V
---- --qv +D Jf+D W

1 amp

D 4 LF
amp 1-

“&-D ● ‘- 4 cycle

1
counter

input from RF standard

[1
NPO 4f

}-
il

cycle , ~
countor

]’igure  3. I,aser receiver block diagram. l] (= vz~) is tile l)opp]er  frequency shift.

‘J’he two incoming siglials are given by

where II is tl[c one-way light time which will be composed of an initial ~. plus slow changes
due to the velocities ofqthe two spacecraft, After cxl)anding 11 = 10 + VII and clroppillg  tl~e
constant phase term involving l., F,q. IV. ] becolnm

where the ])oppler  frequency shift is now cx])licit.

‘J’lIc  two signals @J and q$~ will bc mixed 011 tllc optical bellcll  with tile small fraction of
the outgoing transmitted signals
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q’l~cil~stalltarlcous  field on tbephotodctec.tor  will then bc

where l’;i  is proportional to the square root of the power in each signal. ‘1’he intensity of the
signal will be

where the time arguments of tIlc @i have been dro])])ed for simplicity. ‘J’crms at optical
frequencies have been dropped in Eq. IV.5 since they will bc too high to a])pear in the output
of tlie photodiodc.

I,et us expand the argumc]lts  of the sine functio]ls  for each of tllc terlns  in lkl. IV.5,
labeling  them by their amplitudes:

Now the primary signal  wc wish to track in order to dctcrminc  the variation ill the armlcmgtll
is the J;IE3  terln,  which we have called s](t)

s](t) = (v3 –  v])t –  v]v3i + ps(t –  /1 )-- p i ( f ) llJ.7

It will contain only a constant count rate (v3 - M )t and laser phase Iloiscs  p3(f -- /) -- PI (i) in
addition to the l)opp]er  signal 7j1Z~31. As was discussed in Section 11, the problcln in reading
out this signal  is that, even if v3 = VI, tlie ])oppler  rate can give a large enough freque]lcy
that the local frequency standard will lack the stability to dctcrmiue  its phase at a level of
accuracy consistmt  with the ultimate interfcrcjmcter  accuracy requirclncnt.  IIowevcr, these
errors may be est imatcd  zLnd corrected if the t]iird tern], the ];I J;: terln,  is beat against tllc
local frcquel~cy  rcfermlcc  f] t + g] (t) to give a ~))lasc siglial
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Then the difference r(t) G s; (t) – s] (i) will contain only small ucar]y constant frcquellcics
plus t}lc data on the frequency standard noise q(t):

‘J’here  is, however, a problem in reading out s!(t). This is that the l;] J;: tcrln  wc need
could have nearly the same frequency as the E{l;s  tmrn . The two frequencies are

If J1 and ~3 are very close, then  these two frequcncim will only be separated by the ])oppler
v] ~3, which will be close to zero when the relative radial velocity is small, in which case the
two terms will superimpose and corrupt the measureme  nt of S; (i).  On the other hand,  if
tile j] al~d f3 frcque~icies,  are too far apart, then the ~3 – f] signal in F;q. IV.9 will not be
low mlough to be read out itself without introducing; phase errors due to the instability of
the RI; standard. ‘J’hc ideal  separation between ~1 and j’3 would be a few kilohertz. At these
frequencies a norlnal  10-11 oscillator would easily be al~le to coul~t  accurately at the 10-5 racl
level, while the s; (t) signal could still be easily resolved from the unwanted  frequency at
l/3 - //~ - ql~t + f].

Of course, the frequencies J] and Jo are not freely specifiable. They are related to the
lcligtlis  of the l’abry-l’erc)t cavities on the two sl)acecraft  because they are a fraction 7n/Jf

of whatever the primary laser frequency is set to be. ‘1’bus, if the differetlce  Letw’ecll  1/3 and

q is too sInal], then f3 will be too close  to ~1 to resolve f3 ill the sigllal  tracking. IIow’ever,
it is difllcult  to lnachinc tile two laser caviticts  so that they will resonate at IIearly tile salne
frequencies anyw ay. indeed, a difficult hut feasible requirelnent  for the tolerance required in
the cavity ]eligths is 0.1 ~fm, corresponding to a freclucncy uncertainty from one s])acccraft to
the othw of about 300 Mhz. ‘1’bus, a frequency oflset of this order of mag nitude  will occur
riaturally,  without any special effort to separate then),  alld the difl’e.rent.e (j3 – ~1 ) would then
naturally be about 3 KIIz, in line with the rcquiremellts.

V. Signal Analysis and Noise

As may be seen by reference to l’igure 3, the twc) signals s] (t) (Eq. IV.7) and s; (f) (l~q.
IV.8),  both at frequencies near V3 -- VI -1 v] WJ, are first reduced to countable freque]lcies  by
bcatijlg  with the output from a numerically programmed oscillator (NI’0)  that is referenced to
the ltk’ frequency standard  jl + ql (t), where q] (t) is tllc IIoise  in the receiver’s RF frequency
standard photodiode output. The NPO will divide ~1 by the appropriate ratio to give a
f r e q u e n c y  ajI = V3 - vl -t q 1/3. l’he out]jut  of the lnixer will bc at a frecluency of a few
kilohertz which can h easily counted to 10-5 cycle accuracy. ‘1’he noise in the photodiode
output will be dominated by shot noise n(t) and ?/’(i) ill tlie two alnplified  sigilal  s. IIi
addition, the R]’ signal  from the NT])()  wi]] co~ltribute  Iloise  ~)roportiolla]  to the Iloise ill the
RIJ standard. ‘J’he final  cxpressiolls for the two ]neasured signals, including noise, will tl~ell
be
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s~(t) = (PS – V1)t – qv3t +p’3(i – /]) --  ]) I(i) - Clq](i)  -t ?t](f) v.]

and

Tl(t) = s’(t) –  s(i) =  (f3 – j]y – ll]j-31  + q:, (f –  /1) - -  g](t) + 72;(t) –  nl(t) \I.~

At the same timei  S/C 3 will receive the signal generated by S/C 1 with identical hardware
and will form

s3(t) = (VJ –  2/3)t - -  V]v]t +- pl(t - -  /]) –  p3(f) - -  aq3(f) + 7z3(t) \r.4

and

‘J’hc a in S/C 3 will be determined independently frcJ1n that of S/C 1, but they will Lc very
close, since they are reading out nearly the sa]ne Inai]l  cou]ltillg  frequency with ]icarly  the
same RF frequencies.

‘1’he  sigl}als,  si and vi, will be telmnetered  to the ground where ill software one may forln
a “l)opplcw” signal for th~ link (see Eq. 11.4)

z](t) = 2(1/3 – Vl)f – (V 3  + vl)vlt;-pl(i – 2/1)  -- p,(t)
\r,-j

—. a[q3(t -- f]) + q](t)]  -1 711(t)  + 7/3(t -- /,)

along with two clock self-lnonitorill!g signals

]n these expressions, constant terms and tcrlns  quadratic in V1 have been dropped. ‘l’lie  clock
correction procedure’ begins with these two signals. ‘J’hc constant rate j3 – ~1 and the slowI
variations due to v] arc first fit out to give a IIi.gli-])asse  d versiolI  &i(t)  of each of tllc T,(t).
‘1’hese arc then l’ouricr transformed and decolivolvcd  with the il]versc transfer  fullctioll  for
the diffcrencing at t = 211 to give



~i(u) = _._~~(’-’J) Ttj(w) –  713(W)  +  n;(u) – 711(U)

] _  ~2iw11 % 9i(”)  +“ ‘----”-”””””----  ‘“–2i~-”-””–”--””--–”--
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where (ji(~) is the estimated value of qi(~).  ‘1’lIc  last term, taken in tile low frequency lilnit
u << 1 /11, shows the shot noise limit to this determination. ‘1’hc Fourier reconstructed time
series for the clock  noise is then

V.lo

ill which we have assumed that the shot noise is staticmary  and that the 71’ shot noise will
dolninate  since the laser at v: is at lower power than tile laser at v.

Since the clock noise contribution to z, (t) is a[qs(i – 11) – q, (t)],  this noise can now be
estimated and subtracted away, giving

‘J’his  signal now contains only the constant count rates, the laser phase jitter which will
be canceled by the interferometer algorithm, the unavoidable shot noise nl and 712 in t]le

detection of the main laser,  and the greatly reduced eflect of shot IIoise  from tile secondary
laser. As may h seen, the procedure we have followed, using the telemetered si,gnals SI (i),
71 (t), s3(t. ), alLd T3(t), as defined in F,qs. IV.1 5, IIas succeeded in suppressing tile uliwanted
clock noise and replacing it by only a frac.tioli  a/wll of the larger shot noise in the secondary
laser measurement. This noise will rise at low Fourier frequency as w-l, as shown ill l;q.
V.1O, but  the fraction a, equal to the ratio twtweell  the count frequency 1~3 – 2/I – IJI 1~3 and the
1/1’ frequency ~, can be rather small. For a IJopplm frequency or frequency offset between
th~ two Inain lasers of 300 MIIz and a ltl’  frequency of 10 (;IIz, the value of a will bc 0.03.
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